A new method is presented for the estimation of parameters for a circular aquifer by nonlinear regression analysis using numerical inversion of Laplace transform. The parameters estimated are the relative aquifer size R eD , the storativity hφC t and the transmissibility kh/µ . These parameters are necessary to calculate water influx needed in performance prediction of oil and/or gas reservoirs by material balance based methods.
Introduction
The estimation of initial hydrocarbons (oil and/or gas) in place OHIP is of great importance for future development of these reservoirs. Volumetric methods based on geological and seismic .data can be used at early stages of development. With a reasonable estimates of OHIP, the material balance equation MBE can be used to predict future reservoir performance. If enough production data are available for a given reservoir, the MBE can be used to estimate the OHIP. For volumetric reservoirs (no water influx), the MBE is linear the parameters N and G. In this case, the MBE represent an equation of a plane. Havlena and Odeh 1 showed how it can be arranged as an equation of a straight line by grouping production and pressure dependent terms. Tehrani 2 , however, indicated that regression should be performed on the original (non-grouped) MBE to preserve the physical meaning of regression variables. In these cases, linear or multiple regression analysis by the method of least squares is used to estimate the original oil in place N and the gas cap ratio m for oil reservoirs or the original gas in place G i for gas reservoirs.
For non-volumetric (water drive) reservoirs the material balance equation can be used to estimate both OHIP and aquifer parameters. An aquifer model describing water influx from the aquifer into the reservoir is needed. In most field cases such model is nonlinear. The Van-Evedingen and Hurst's (VEH) unsteady state model 3 is an exact analytical solution for circular aquifers with homogeneous properties. The model is linear with respect to the water influx constant B, but nonlinear with respect the dimensionless aquifer size R eD and time adjustment factor c which transforms real time t into dimensionless time t D . It is therefore obvious that linear regression can not be used directly to estimate both OHIP and aquifer parameters B, c, and R eD .
To overcome the nonlinearity problem, most investigators used some kind of a trial and error approach. In such cases values for aquifer parameters are assumed and linear regression is performed to estimate N and m for oil or G i for gas reservoirs. The standard deviation or the sum of squares of errors is calculated. The values of aquifer parameters are changed and the process is repeated and the values of parameters that yield the smallest sum of squares of errors are selected. Most investigators also used the tabulated values of Q(t D ) given by Van-Everdingen and Hurst to calculate the water influx.
Dougherty et al. 4 used tabulated values of the solution obtained by Wattenbarger and Ramey 5 to get the error terms. By performing different runs within the limits of parameters, they expressed the sum of squares of errors as a second order
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Chen, Chen and lin 6 used polynomial approximations of Q(t D ) by Klins et al. 7 to evaluate the water influx and used the simplex search method for parameter estimation.
A different approach used by other investigators [8] [9] is the aquifer influence function AIF which is the reservoir pressure response to a unit rate of water influx. It is directly proportional to the dimensionless pressure solution for constant rate. It is however treated as a general function regardless of aquifer geometry and homogeneity. It can thus provide a function for estimating water influx from pressure history. However, the extrapolation outside the production data range is needed for prediction of future performance. This extrapolation is questionable unless the AIF develops a clear trend within the available time which should be large enough to reach the trend. Different types of aquifers develop different trends and so knowledge of the shape of the aquifer is needed which limits the general applicability of this approach since it is meant to handle cases of unknown or irregular shapes.
Chatas and Malekfan 10 proposed the application of nonlinear regression to the Van-Everdingen and Hurst solution in real space to estimate aquifer parameters. They outlined the procedure and evaluated the partial derivatives but did not present actual solutions. The VEH solution in real time space is very complex and computational and convergence problems may be encountered. The solution in Laplace space is simpler and the use of the numerical inversion of the Laplace transform makes it easier to evaluate the first and second derivatives with respect to the aquifer parameters. This approach will be applied in this paper.
Theoritical Considerations
The conventional form of the MBE can be following in the following form
Equation (1) can be used for undersaturated oil reservoirs with G i = 0 or for gas reservoirs with N=0.
In simple models, the water influx from the aquifer into the reservoir is treated using Schilthuis steady state model.
This makes the material balance equation linear in the parameters N, G i and K taking the following form.
Equation (3) represents a hyper plane and multiple regression analysis can be used to estimate the three parameters N , G i and K using production and PVT data.
The steady state water influx model however rarely describes the actual behavior of aquifers. where α n are roots of the equation
For variable pressure case, the principle of superposition (convolution) is applied to estimate the cumulative water influx into the reservoir. The solution is given by
Aquifer Parameters From Eq. (4)- (7) , the parameters needed to evaluate the water influx We at a given time t are the aquifer constant B, the relative aquifer radius R eD =r e /r w and the constant c in Eq. (6) which transforms real time t into dimensionless time t D .
The parameters B and c can be expressed in terms of the commonly used parameters of transmissibility T (Kh/µ) and storativity S (hφc t ) as follows 2 Similar relations can also be written for the cases of gas reservoirs or oil reservoirs with a gas cap.This relation reduces the number of parameters to be estimated by one parameter by making B and N , G, or N(1+m) dependent. Although this may sound attractive mathematically, its physical validity is questionable. The term V p in Eq. (14), (15) represent all the pore volume present in the reservoir within the radiud r w and thickness h including any shales and nonconnected pore volume. The term N in the material balance equation represents the oil subjected to expansion due to pressure change which includes only oil present in interconnected pore space. It is therefore important to have B and N or G i as two independent variables when applying regression analysis for parameter estimation to the material balance equation.
Numerical Inversion of Laplace Transform
The complexity of using equation (7) in computing the water influx We is apparent. First Eq. (8) must be solved iteratively for enough numbers of successive roots α n . The summation in Eq. (7) is to be continued until convergence of the infinite series is achieved. The problem is further complicated in the parameter estimation problem where in addition to evaluating We, the derivatives of Q(t D ) must also be evaluated. These difficulties promp ted the investigation of the possibility of performing evaluation and optimization in Laplace spase using the Stehfest algorithm 12 for the numerical inversion of Laplace transform.
In Laplase space, the expression for the transform of the dimensionless water influx
To test the validity of Eq. 
Calculations of We Using SP and LP methods
For variable reservoir pressure,the pressure history is approximated into a number of constant pressure steps with discontinuous jumps at the data points as shown in fig. 2 . The integration in Eq. (9) is then approximated by a summation as follows
This method is called the step pressure (SP) method. Vogt and Wang 13 suggested approximating the pressure behavior by a series of linear segments connecting successive data points. This is expected to give a more accurate representation of the pressure history. The basis for this method is to replace ∆P ' in Eq. (9) by the slope m and integrating by parts to obtain 16) To test and compare the SP and LP methods, the pressure drop was generated for the case of a constant water influx rate i.e.We = q t with q constant.
The following data were used to generate the pressure behavior: Permeability K = 100 md. The dimensionless pressure is obtained from van Everdingen and Hurst solution for the case of a closed finite reservoir with constant terminal rate Table 2 and shown in Fig. 4 together with the actual (assumed) linear data. The absolute error in We for both methods are shown in Fig. 5 . The results indicate that the LP method is more accurate than the SP method and will be used exlusively for parameter estimation. 
………….………………. (26)
Nonlinear regression can be applied to Eq. (26) for the simultaneous estimation of reservoir original hydrocarbons in place N and G i in addition to the aquifer parameters B, c and R eD . However, the objective of this work is to test the procedure of performing regression analysis using the numerical inversion of Laplace transform of the dimensionless water influx functions, Therefor, we limited this work to the estimation of the aquifer parameters from We data. The water influx We can be calculated from production and PVT data using Eq. (1) if accurate estimates of N and G i are available. Also, We can be calculated if an estimate of the volume of the invaded zone, V Pinv , is obtained from the movement of the water/oil contact and structural and porosity maps of the reservoir using the equation
Given values of water influx We and average pressure drop in the reservoir ∆P at different times, the method of least squares is applied to estimate aquifer parameters. The method is used to find the values of the three aquifer parameters B , C and R eD which minimize the sum of squares of the differences between observed water influx values and those calculated using the three parameters for all data points. So it is required to minimize the following objective function Expressions for the elements of the matrix H and vector g are derived in the Appendix.
The Gauss method uses the two terms in Eq.(33) for the Hessian matrix and thus requires evaluation of second derivatives. A modified form which does not require evaluation of the second derivatives is the Gauss-Newton method. In this method, only the first term is used which involves products of first derivatives only. The justification for dropping the second term in the Hessian matrix is that the second derivatives in that term are multiplied by the residual Rs which is supposed to be very small close to the solution.
This however might not be the case at points far from the solution. In this work we will consider the full form of the Hessian matrix since second derivatives can be evaluated analytically when the Stehfest algorithm is used for the numerical inversion of Laplace transform as shown in the appendix.
Although it is known that the Gauss method and the modified Gauss-Newton method have quadratic convergence near the solution, it may diverge if the initial guess is far from the solution. On the other hand, the method of steepest descent guarantees decreasing the objective function in each iteration but its convergence is slow. Methods presented by Levenberg and Marquardt are combinations of Gauss and the steepest descent methods. To gurantee that the objective function is decreasing, the Hessian matrix H must be positive definite. It can be made so by adding large positive numbers to its diagonal elements. Thus, the matrix H in Eq. (32) is replaced by H+λV where λ is a positive number and V is a diagonal matrix. Levenberg 14 took V as the identity matrix I while a better choice suggested by Marquardt 15 is to take the diagonal elements of V equal to the absolute values of the diagonal elements of H. So, the system of equations to be solved at each iteration becomes [ ]
A very large value of λ (λ→∞) is equivalent to the steepest descent method while λ=0 represents to the Gauss method.
The system of the three linear equations represented by Eq. (34) can be solved by the Gauss elimination method or by Cramer's rule. The iteration is continued until a convergence criterion is achieved. Either the sum of squares of errors SSE or  g , the norm of the vector g, is used. (31) shows that both expressions include residuals of the water influx terms at the data points, i.e. the differences between observed and calculated values. Since water influx values run into millions of barrels, the magnitude of SSE or ,  g  would be in the order of 1.0 E+8 for a 1% relative difference of the residuals. To overcome this problem, the residuals Rs k are normalized by dividing each term by the water influx at that point, We k . A relative difference of 1% in the residals will result in a sum of squares of 1.0E-4 multiplied by the number of data points. A convergence criterion of SSE = 1.0E-5 amounts to a relative error of 0.1% for a run of 10 data points.
Results and Discussion
The data generated for constant water influx rate is used to test the proposed method. A computer program is written using the developed procedure. The minimization wea performed on the normalized sum of squares of residuals. The expression for Rs k in Eq. (30) was divided by We k . The assumed values for the aquifer parameters R eD , B, and c were 5, 22.38 res. Bbl/psi, and 0.6336 day -1 respectively. To test the performance of the algorithm, two values for each parameter were used, one too small and the other too large compared to the actual value. All 8 combinations of the values were used as starting points. The results of these runs are shown in Table 3 . It is seen from the results that all runs converged to values very close to the actual values (less than 1.5% for c and 0.5% for both b and R eD ). Table 4 shows the results for one of the runs. It is seen that the absolute percentage error in the values of the water influx We ranges between a minimum value of about 0.0002% to a maximum value of about 0.32 % . With the value of SEE of 1.88 E-5 for 13 data points, the average absolute relative error is 0.12%. The values of transmissibility T and storativity S calculated from B and c in Table 4 using Eq. (12) and (13) Results of table 3 show that the method converges always to the correct values of aquifer parameters regardless of the values at initial guess. No initial guess converged to a different solution and so a unique solution was obtained. The initial guess points were choosen to cover a wide range of parameter values and represent the corners of a rectangular parallelepiped around the correct value. It is therefore expected that if a fairly reasonable estimate of the aquifer parameters can be made (from 0.2 to 5 of the correct values), the procedure would converge to the correct values. The aquifer constant B depends on the thickness h, the porosity φ and the aquifer radius r w . Both h and φ can be reasonably estimated. A value for r w .between 50% and 200% of the tru value can be estimated from geological and geophysical data with reasonable certainity. The time adjustment factor c depends on the permeability K, the viscosity µ, the porosity φ, and the compressibility C. All these properties can also be estimated with reasonable accuracy between 50% and 200% of actual values. The same can also be stated for the dimensionless aquifer radius R eD . If the initial guess was made within these limits, the procedure is then expected to converge to the neighborhood of the true value. 
